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Abstract

Logical rules constitute a cornerstone of knowledge graph (KG)
reasoning, valued for their interpretability and ability to model
relational patterns. However, existing rule mining methods predom-
inantly focus on simple chain-like rules and therefore neglect the
richer relational information encoded in graph-like structures, such
as cycles and branches. This limitation is further exacerbated by
computational bottlenecks caused by the combinatorial explosion
of the search space, which is especially challenging for graph-like
rules. Meanwhile, generative approaches such as diffusion models,
despite their success in other domains, cannot be directly applied
to rule mining because their training objectives are not aligned
with the goal of learning high-quality rules, and non-differentiable
KG rule quality metrics cannot directly guide model optimization.
To address these limitations, we propose GRiD, a framework that
reformulates graph-like rule discovery as a discrete generative pro-
cess conditioned on the target relation. GRiD employs a two-phase
training strategy. First, supervised pre-training enables GRiD to
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capture structural priors from subgraphs sampled from the KG meta-
graph. Subsequently, reinforcement learning is applied to fine-tune
GRiD through policy gradient optimization guided directly by non-
differentiable rule-quality metrics. Experiments on six benchmark
datasets show that GRiD achieves competitive performance on
KG completion tasks. Ablation studies confirm the efficiency and
robustness of GRiD and further show that graph-like rules comple-
ment chain-like rules in KG completion. Our code and datasets are
available in https://github.com/Haoxiang-Cheng/GRiD.
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1 Introduction

Knowledge graphs (KGs) represent knowledge as factual triples
(ep, 7, €;) and serve as critical components in intelligent systems
such as semantic search and question answering [33, 35, 46, 47].
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However, KGs are inherently incomplete, necessitating reasoning
methods to infer missing facts. Among various paradigms, rule-
based reasoning offers interpretability by providing explicit logical
rules that capture relational dependencies and enable transparent
inference [15]. A logical rule typically expresses an implication of
the form p : p,, < pp, where the rule head pj, can be inferred from
a conjunction of body atoms pj,. In practice, rules are often induced
from observed path instances, creating a direct link between schema
semantics and instance-level evidence. For example, as illustrated in
Fig. 1, the rule p; : BornIn(x, z) < WorksAt(x,y) A LocatedIn(y, z)
is induced from the instance path BornIn(Turing, UK) < Work-
sAt(Turing, Cambridge) A LocatedIn(Cambridge, UK). Such instance-
grounded induction yields transparent and verifiable reasoning
paths, highlighting the utility of rule-based approaches.

Despite their transparency, traditional rule-based methods are
largely confined to chain-like rules, which are sequences of relations
connected by shared variables [7, 11, 23]. While chain-like rules
are efficient to mine and apply, their linear structure limits their
ability to express richer relational patterns, such as conjunctive or
overlapping constraints. This restriction often leads to ambiguous
predictions in KGs with complex schemas. For instance, applying
the chain-like rule p; to infer BornIn(Hinton, ?) may yield multiple
candidates, because the rule cannot distinguish among multiple
candidate workplaces associated with the subject. This limitation
arises from the inability of chain-like rules to jointly enforce multi-
relational constraints, highlighting the need for more discriminative
rule structures.

Graph-like rules, whose bodies form directed graphs rather than
simple chains, can address this limitation by enforcing multiple re-
lational constraints simultaneously. For instance, a graph-like rule
such as p, : Bornln(x, z) < WorksAt(x, y) A GraduatedFrom(x,y) A
LocatedIn(y, z) incorporates joint evidence through shared vari-
ables, thereby reducing ambiguity. However, extending rule learn-
ing from chain-like rules to general graph-like structures introduces
afundamental computational bottleneck. Even mining simple chain-
like rules involves a combinatorial exponential search space, typi-
cally on the order of O(|R|") for length L. Graph-like rules, which
generalize chains by introducing non-linear dependencies, further
expand this space to O((L|R|)%). This issue is inherent in search-
based paradigms, particularly those extracting rules from instance
paths, where traversing large KG instances incurs substantial com-
putational overhead. Consequently, this challenge motivates a shift
from iterative search to more efficient exploration of the rule space,
in line with recent studies that formulate graph-structured combi-
natorial optimization as learnable optimization procedures [28].

While search-based rule discovery is constrained by combinato-
rial complexity, generative approaches have recently emerged as an
alternative. Diffusion models, in particular, have shown effective-
ness in generating structured data while maintaining robustness
and diversity. Unlike Generative Adversarial Networks and Vari-
ational Autoencoders, which may suffer from mode collapse or
over-smoothing [2], diffusion models can provide more stable cov-
erage of complex output spaces. Moreover, while LLMs remain
vulnerable to logical inconsistency, hallucination, and symbolic-
translation errors in complex reasoning tasks [5, 6, 18, 44], diffusion
models can incorporate explicit structural constraints to preserve
rule validity. Nevertheless, existing diffusion-based methods in the

557

Haoxiang Cheng et al.

KG domain primarily focus on instance-level tasks such as fact
completion rather than on discovering explicit schema-level logical
patterns [20, 21, 48].

Adapting diffusion models from instance-level reconstruction
to schema-level rule induction is nontrivial. A central challenge
lies in the non-differentiable nature of rule quality metrics. Unlike
standard diffusion training, which optimizes differentiable recon-
struction losses, logical rules are typically assessed using discrete
quality metrics such as confidence and coverage. These metrics
cannot be directly back-propagated, creating a mismatch between
the training objective and the semantic quality of generated rules.
As a result, naively applying diffusion models may fail to align
generation with semantically meaningful rules.

To address these challenges, we propose GRiD, a framework for
generating Graph-like Rules with Diffusion models for KG rea-
soning. GRiD reformulates rule discovery as a conditional discrete
diffusion process over the rule-body adjacency matrix. To overcome
the non-differentiability of discrete rule metrics, GRiD incorporates
Reinforcement Learning (RL) to fine-tune the diffusion process
using rule-quality metrics as reward signals. However, directly ap-
plying RL to the combinatorial space of graph-like rules often leads
to severe sample inefficiency. To mitigate this issue, GRiD integrates
a Supervised Learning (SL) pre-training strategy on subgraphs sam-
pled from the KG meta-graph, which provides the denoising net-
work with graph structure priors. By combining SL for structural
pattern recognition with RL for quality optimization, GRiD enables
the efficient generation of high-quality graph-like rules.

The contributions of this work are summarized as follows:

e We propose GRiD, a framework that reformulates rule dis-
covery as a conditional generative process using a diffusion
model, shifting this task from discrete search to generative
modeling.

e We introduce a two-stage training strategy that employs SL
pre-training to learn structure priors and RL fine-tuning to
optimize the diffusion model using non-differentiable rule-
quality metrics.

o Experiments show the effectiveness of GRiD for the KGC
task, while ablation studies reveal the complementary ef-
fect of graph-like rules and the correlation between their
effectiveness and KG structural properties.

2 Related Work
2.1 Logical Rule Learning

Logical rule learning is one of the main paradigms for KG reasoning,
alongside embedding-based and path-based methods [15]. Com-
pared with embedding-based and path-based methods, rule-based
reasoning provides higher interpretability by deriving conclusions
through explicit logical formulas. Rule-based reasoning applies pre-
defined logical axioms and inference rules to derive new factual
knowledge from existing KGs. Owing to this interpretability, sub-
stantial research has focused on developing methods for efficiently
discovering high-quality logical rules from KGs.

Logical rule learning has evolved through three methodological
stages. Early approaches primarily relied on inductive logic pro-
gramming and association rule mining. Foundational systems such
as FOIL [30] and AMIE [11] generate Horn clauses by generalizing
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Figure 1: While existing rule-based methods predominantly rely on chain-like structures, such structures are insufficient for
capturing complex interconnected patterns in KGs. Graph-like rules provide a more expressive alternative but are hindered by
the exponential growth of the search space. Therefore, we propose a diffusion-based method for efficient rule generation. How-
ever, the standard supervised reconstruction objective for these models is misaligned with the goal of discovering semantically
high-quality rules. We therefore introduce RL fine-tuning to directly optimize the generation policy using rewards based on
structural quality, enabling the efficient generation of high-quality graph-like rules.

from specific instances, while other approaches are tailored to large
graphs [10]. Subsequent research explored path-based methods,
including AnyBURL [23], which samples and evaluates relational
paths from KGs to construct logical rules. Related meta-path learn-
ing methods further address schema-complex heterogeneous infor-
mation networks by learning schema-level path patterns without
exhaustive path-instance enumeration [19]. While these methods
offer interpretability, their dependence on paths or schema-level
sequences limits their ability to capture non-linear graph-like rule
structures.

Neural-symbolic integration paradigms were introduced to ad-
dress the inefficiencies of discrete search. Early work in this di-
rection, such as Neural Theorem Provers (NTPs) [31], introduced
differentiable reasoning mechanisms. To reduce the computational
demands of these approaches, subsequent research introduced opti-
mizations including adaptive path selection [24] and dynamic rule
subsetting [25]. Despite these improvements, scalability challenges
continued to hinder practical deployment. Consequently, recent re-
search has shifted toward neural-logic frameworks that reformulate
rule learning as a continuous optimization problem. Neural-LP [43]
introduced an attention-based controller for sequential rule con-
struction, while hybrid architectures such as RNNLogic [29] jointly
learn a rule generator and a reasoning predictor for the iterative
refinement of rule embeddings. NCRL [7] employs a compositional
learning strategy, combining rule components through neural rep-
resentation learning to improve expressiveness.

Despite these advances, existing rule learning methods still focus
mainly on chain-like structures, thereby overlooking graph-like
structures that can model complex relational patterns in KGs. More-
over, generating graph-like rules is computationally challenging
due to the exponential growth of the rule space. To bridge this
gap, we leverage diffusion models to generate graph-like rules that
capture complex relational patterns for KG reasoning.
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2.2 Diffusion Models

Diffusion models have demonstrated generative capabilities across
a range of domains [45]. They have also been applied to graph-
structured data generation, including molecular design, where they
model complex constrained output spaces [13, 14, 40, 41]. This
ability to model structured patterns under combinatorial constraints
makes diffusion models suitable for KG reasoning tasks, which
involve discovering valid relational paths within structured graphs.

Recent applications of diffusion models to KG reasoning can
be grouped into two trajectories. The first strand operates at the
instance level, reformulating KG reasoning as a conditional genera-
tion task in which denoising processes progressively recover target
entities or facts [20? ]. While this paradigm learns the distribution
of valid facts and achieves competitive performance, it remains
confined to instance-level prediction and does not explicitly cap-
ture schema-level logical patterns in KGs. The second trajectory
applies diffusion processes in continuous latent spaces to learn fact
distributions and model relational uncertainty [4]. This line of work
improves representational flexibility and can model complex rela-
tional patterns. However, because these methods focus on refining
entity representations rather than discovering schema structures,
they provide limited interpretability.

While both paradigms demonstrate the adaptability of diffusion
models to KG reasoning, neither directly generates explicit rules
beyond the instance level, and therefore neither explicitly captures
schema-level logical patterns. However, directly applying diffusion
models to rule generation is challenging because standard recon-
struction losses are not aligned with discrete rule-quality metrics.
To address this issue, we employ RL to optimize the diffusion model
using rule-quality metrics as reward signals, enabling the diffusion
process to be applied to graph-like rule generation.

3 Preliminaries

This section formalizes the key concepts used in this work. We
begin by reviewing the basic structure of KGs and logical rules. We
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(a) Linear Rule Body

(b) Branching Graph Rule Body

(c) Edge-cycle Graph Rule Body (d) Node-cycle Graph Rule Body

Figure 2: Four Basic Types of Graph-like Rule Bodies.

then introduce the concept of graph-like rules. Finally, we present
four quantitative metrics for evaluating rule quality.

Definition 1 (Knowledge Graph, KG). AKG G is formally defined
as arelation-labeled directed graph G = (&, R, ), where & denotes
the entity set, R denotes the relation set, and 7 denotes the fact set.
Specifically, ¥ = {(en, 1, e:)|en, er € E, 7 € R} is the set of factual
triples.

Definition 2 (Logical Rule). A logical rule p represents a logical
implication between a head predicate and a body composed of
conjunctive predicates. It has the following general form:

1)

where pj denotes the rule head, typically formulated as a single
atom such as ry(e;, e;), and pp denotes the rule body, which is
formed by a conjunction of atoms. Semantically, the rule asserts
that if the body p, is true, then the head pj, is also true.
Definition 3 (Graph-like Rule). A graph-like rule is a logical rule
whose body p;, forms a directed graph. As illustrated in Fig. 2, we
categorize such rules into four basic types based on the connectivity
pattern of the rule body: linear rule (Fig. 2a), which represents se-
quential dependencies; branching structure (Fig. 2b), which captures
conjunctive paths; edge-cycling structure (Fig. 2c), which repre-
sents relation-centric cycles; and node-cycling structure (Fig. 2d),
which models node-centric cycles. These basic structures can be
combined to form more complex hybrid rule patterns.

Definition 4 (Support). The support of a logical rule p, denoted as
Suppg , is the number of distinct entity pairs (e;, e;) in G for which
both p;, and py, hold. It is defined as follows:

P Ph < Pb

@

Definition 5 (Coverage). The coverage of a rule p quantifies its
prevalence among facts of the head relation. It is defined as the
proportion of entity pairs connected by pj, that also satisfy pp. It is
defined as follows:

SHPP;? =#{(ei,ej) € G : 1, (eisej) A prlei,ej)}.

Suppf
#{(ei,ej) € G : prlei e}’

Covpg = 3)
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Definition 6 (Confidence). The confidence of a rule p measures
the proportion of body groundings that also support the rule head.
It is defined as follows:

G

Con ﬁ,g = Suppy .
#{(ei,ej) € G : 1, (eiej)}
Definition 7 (PCA Confidence). PCA Confidence quantifies the
precision of a rule p under the Partial Completeness Assumption
(PCA) [11]. It restricts the denominator to body groundings whose
subject entity has at least one observed fact under the head relation,
and is defined as follows:

4

Suppg
#{ (e, e}) €G:Ip, (e, e;.) A pr(ei, e})}.

PCA-Conf? := ©)

4 Methods

This section presents GRiD, a framework that formulates graph-like
rule discovery as a conditional discrete diffusion process over rule-
body adjacency matrices. By leveraging a diffusion model, GRiD
learns a distribution over KG rules conditioned on the target rela-
tion, thereby reducing dependence on explicit combinatorial search.
GRID operates in two stages: it is first pre-trained via SL to capture
structural priors from subgraphs sampled from KG meta-graph
and then fine-tuned with RL to optimize non-differentiable rule-
quality metrics. An overview of the pipeline is provided in Fig. 3.
The following sections detail the discrete diffusion framework, the
two-stage training process, and the inference pipeline.

4.1 Discrete Diffusion Framework

GRiD adopts a discrete diffusion paradigm to model the symbolic
structure of graph-like rules. While continuous latent representa-
tions may introduce ambiguity when reconstructing such struc-
tures, operating in the discrete space preserves their structural
constraints. Accordingly, GRiD reformulates rule discovery as a
conditional discrete diffusion process. The following subsections
detail this framework, beginning with the discrete state formulation
and followed by formal descriptions of the forward and reverse
diffusion processes.

4.1.1 Discrete State Formulation. The process is conditioned on
the rule head pj,, which provides the semantic target, while the rule
body pp is modeled as the adjacency matrix to be generated.
Discrete Matrix Representation. The rule body of graph-like
rules is a directed graph, as defined in Def. 3, and can therefore be
represented as a matrix. Formally, the rule body adjacency matrix
A is defined as:

Ac{0,1,...,|R|, 0}, (6)

Here, S denotes the maximum number of allowed nodes and R de-
notes the relation set of the KG. Each entry A[i, j] € {0, 1,...,|R][, 0}
specifies the relation type from node i to node j, with a value of 0
indicating no relation and @ indicating padding. To accommodate
variable-length rules, unused rows and columns are padded with
a null token 0, enabling fixed-dimensional processing for batch
training.

Conditional Formulation. Generation is conditioned by two fac-
tors: the target head relation rj, and the diffusion timestep ¢. The
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Figure 3: The GRiD framework. GRiD formulates graph-like rule discovery as a conditional discrete diffusion process over the
rule-body adjacency matrices. Phase A (SL pre-training) learns graph-structure priors by corrupting subgraphs sampled from
the KG meta-graph with categorical noise and training a Graph Transformer to reverse the diffusion process conditioned on
the target relation. Phase B (RL fine-tuning) treats the denoising process as a stochastic policy, in which a rule is generated
from a randomly initialized noisy graph through reverse diffusion, and the RL reward is computed from rule-quality metrics
based on grounded rule instances in the KG. After RL fine-tuning, GRiD performs inference by reverse diffusion from sampled

noise to generate top-ranked graph-like rules.

relation ry, is embedded into a static vector r;, € RY, while ¢ is en-
coded via sinusoidal embeddings into a time-varying vector t € RY.
These embeddings are concatenated to form a unified conditioning
vector ¢;:

c; = [t;ry] € R¥.

™

The learning objective is to approximate the conditional distribution
po(A | ¢;), so that the generated rule body is conditioned on ry,
while respecting structural constraints at each diffusion step.

4.1.2  Forward Diffusion Process. The forward diffusion process
progressively corrupts a clean rule-body adjacency matrix A, into
noise over T timesteps. Following the D3PM framework [1], the
forward process is specified by a sequence of categorical transition
matrices {Q ,}tT:l. At each timestep ¢, the diffusion process factorizes
across all edge positions. Each entry of A; is represented as a K-
dimensional one-hot categorical variable and evolves independently
according to a categorical Markov transition:

q(A: | Ary) = Cat(As | Ar—1Qr). (®)

Here, Cat(A; | P) denotes a collection of independent categorical
distributions over all edge entries, where each probability vector
is given by the corresponding row of P, and Q, € RK*K
stochastic transition matrix over the K = |R]| + 1 edge types, in-
cluding the no edge category. In this work, we adopt a uniform

is a row-
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corruption scheme defined as follows:

117
Qr=(1-p)l+pr—, ©)
K
where f8; € [0, 1] represents the noise schedule. Here, 1 € RK de-
notes an all-ones column vector, and 117 € RK*K defines a uniform
categorical transition. Under this construction, each edge is left
unchanged with probability 1 — f; and is resampled uniformly from
all K edge types with probability ;. Using the Markov property, the
marginal distribution at timestep ¢ admits a closed form as follows:

a(A | A0) = Cat(A; | 4Q"), Q¥ =[]0n (10)
i=1

which converges to a uniform categorical distribution as t increases,
thereby removing information about the original rule structure.

4.1.3  Reverse Diffusion Process. This process iteratively denoises
a noisy rule structure to reconstruct a clean rule-body adjacency
matrix A, from an initial state A7. The reverse transition pg(A;_1 |
A;, c;) is parameterized by a Graph Transformer fy, which takes
the noisy adjacency matrix A, and the conditioning vector c; (Eq. 7)
as input and outputs categorical logits for all edge types.

To condition generation on the current noise level and target re-
lation, c; is injected into each network layer via Feature-wise Linear
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Modulation (FILM) [27]. For the I-th layer, the node representation
H® is modulated as follows:

HY = y(ct) © LayerNorm(H(l)) + B(cy), (11)

where © denotes element-wise multiplication, y(-) and B(:) are
learned affine projections of ¢;. This modulation enables the message-
passing dynamics to adapt to both the timestep t and the target
relation ry,.

Finally, the modulated representations are projected to produce
a probability distribution over the K edge categories for each edge:

Po(Ar-1 | Ar,cr) o< Cat(Ar—y | fo(Ar,cr)). (12)

By iteratively sampling from this distribution, GRiD generates a rule
body conditioned on the target relation while preserving structural
constraints.

4.2 Phase A: SL Pre-training

To obtain a structurally informed initialization, we pre-train GRiD to
reconstruct subgraphs sampled from the KG meta-graph. The sub-
graph training set is constructed through random-walk sampling
and topological augmentation on the KG, illustrated in Appendix G.
Training Objective. The objective is to train the denoising network
fo to recover the clean adjacency matrix A, from a corrupted state.
Specifically, given a noisy input A; and the conditioning vector c;,
we minimize a weighted cross-entropy loss between the predicted
edge-type distribution and the clean adjacency matrix:

i My TR I Aol j] = k) log pg (Ag i, j1 =k | Ascr)

Lrecon ==
i M;;
i,j

(13)

Here, M € {0, 1}%*S is a binary mask, where M;; = 0 for padding
positions and M;; = 1 otherwise. This ensures that the optimization
focuses only on valid structural entries.

In addition to the reconstruction loss, we use the diffusion model
to predict a scalar score 9, for each rule. The overall supervised
pre-training objective is therefore defined as

B

1 . . \2
Lsi = Lrecon + AQE Z (Up,- - Ul’i) >

i=1

(14)

where Ag = 0.1 is a fixed hyperparameter that balances structural
reconstruction and semantic regularization. The target quality score
*

0y, is defined as the min-max normalized sum of coverage and con-

fidence (Covg + Con fp? ) over the training set, thereby accounting
for both rule recall and precision. This auxiliary objective aligns
the learned representations with rule-quality signals and provides
a warm start for subsequent RL fine-tuning.

Training Pipeline. Each supervised pre-training iteration corre-
sponds to a single diffusion step conditioned on the target relation.
Concretely, we first sample a batch of rule structures {(A!, rh)}?:1
from the training set, where B denotes the batch size. A diffusion
timestep t is then drawn uniformly from {1,..., T}, and the cor-
responding noisy structure A; is obtained through the forward
diffusion process. Conditioned on the vector c;, GRiD predicts both
the edge-type distributions and an auxiliary quality score for the
corrupted structure. The supervised loss Lg; is then computed and
back-propagated to update the model parameters 6.
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4.3 Phase B: RL Fine-tuning

While SL pre-training establishes the structural prior from KG sub-
graphs, it does not directly optimize rule-quality metrics such as
coverage and confidence. Inspired by a recent study [17], the pre-
trained model is fine-tuned using RL to address this mismatch,
which frames the sequential denoising process as a policy optimiza-
tion problem.

Policy and Reward Formulation. We formulate the denoising
process as a Markov Decision Process, where the denoising Graph
Transformer acts as a stochastic policy mg(As—1 | As, ct). The state
corresponds to the noisy rule-body matrix A;, and the action is the
sampled denoised matrix A;_;. Since intermediate noisy states lack
direct rule-quality labels, the reward R(p) is assigned only upon
generating the complete rule p. To quantify rule quality, we define
R(p) as the geometric mean of coverage (Eq. 3), confidence (Eq. 4),
and PCA confidence (Eq. 5):

1/3

R(p) = (Covg -Conﬁjg ~PCA—Confp§) (15)

This composite metric balances rule generality and predictive pre-
cision, providing a reward signal for optimization.

Policy Optimization. Since the intermediate states do not have
direct rule-quality labels, we formulate the objective as maximiz-
ing the expected episode-level reward J(6) = E .., [R(p)] using
the REINFORCE algorithm. To reduce variance, we incorporate a
baseline b, updated by an exponential moving average, to compute
the advantage A = R(p) — b. The optimization objective Lp; com-
bines the policy gradient with entropy regularization to discourage
premature convergence to deterministic transitions and encourage
exploration:

1
B 4

B
i=

T
D (Aitogmo (A, 1 AP ) + AuH (mo (- | AP ™)) (16)

1 t=1

Lrr(0) =

Here, A; acts as a trajectory-level weight for episode i, reinforcing
steps that lead to higher-quality rules, while the entropy term H
encourages exploration at each timestep.

4.4 Inference Pipeline

After training, the diffusion model is used as a conditional generator
of graph-like rule bodies for a given target relation ry. Inference
proceeds via iterative denoising followed by structural parsing
and filtering. Specifically, we initialize the process from a noisy
adjacency matrix Ar, where each entry is sampled from the K edge
categories. From t =T to t = 1, the model iteratively samples

A1~ po(As-1 | Ar,cr), (17)

where the conditioning vector ¢; = [t;ry] encodes the timestep and
target relation. This denoising process yields a discrete adjacency
matrix Ag, which is then parsed into a graph-like rule body.

To form a rule, the node with zero in-degree is identified as the
head variable ej,. The node with zero out-degree that is topologically
farthest from ey, is designated as the tail variable e;. The remain-
ing edges compose the rule body that predicts ry, (ep, ;). Finally,
KG structural constraints are applied to filter invalid structures,
retaining valid graph-like rules for downstream reasoning.
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Table 1: KGC results of GRiD on six datasets. The best/second-best metrics are bolded/underlined. All reported results are
averaged over five independent runs with different random seeds, detailed in Appendix E.

Models Family Kinship UMLS
MRR (%) HIT@1 (%) HIT@10(% MRR (%) HIT@1 (%) HIT@10(% MRR(%) HIT@1 (%) HIT@10(%)
TransE 45.21 22.34 87.45 31.23 0.93 83.22 69.86 52.14 89.19
DistMult 54.17 36.00 88.45 35.23 19.22 74.23 39.04 25.61 66.15
Embedding  ComplEx 81.11 72.12 93.63 42.12 23.56 82.11 41.29 27.93 70.92
RotatE 86.70 77.43 93.21 66.21 50.24 94.13 74.21 63.92 94.04
SpeedE 90.28 82.72 98.47 65.32 53.35 89.55 70.35 58.62 89.65
CompGCN 75.35 58.83 88.83 40.30 26.94 75.83 62.33 50.85 72.76
GNN-based NBFNet 84.16 76.03 97.71 49.54 34.43 81.07 70.74 64.19 82.48
A*Net 82.35 72.37 96.67 44.36 30.42 77.36 66.37 53.63 78.37
AnyBURL 93.99 88.46 94.90 65.93 52.38 91.45 68.83 67.40 72.54
AMIE 87.74 80.47 98.83 62.99 48.83 90.06 64.42 60.67 74.21
Neural-LP 88.12 79.28 98.53 30.17 16.60 59.34 48.38 33.28 77.47
DRUM 89.03 82.76 99.06 33.02 18.11 67.76 55.18 35.37 85.15
Rule-based  RNNLogic 86.74 79.40 95.18 64.78 49.70 92.26 75.20 62.40 92.04
RLogic 88.08 80.81 97.27 57.70 43.60 87.08 71.74 55.32 93.55
NCRL 91.33 85.24 99.31 64.32 49.39 92.56 75.53 64.44 93.15
ChatRule 90.62 85.45 96.84 32.52 17.51 68.74 77.51 67.45 94.84
GRiD 95.25 91.54 98.32 67.18 54.36 92.46 83.48 74.89 96.48
Model WN-18RR FB15K-237 YAGO3-10
MRR (%) HIT@1 (%) HIT@10(% MRR(%) HIT@1(%) HIT@10(% MRR(%) HIT@1 (%) HIT@10(%)
TransE 23.12 2.23 52.54 29.40 18.65 46.84 36.42 25.78 58.01
DistMult 42.67 38.06 50.38 22.53 13.93 38.46 34.56 24.54 52.93
Embedding  ComplEx 44.11 41.35 51.15 24.49 15.26 41.67 33.34 24.23 53.86
RotatE 47.17 42.92 55.74 32.40 22.24 52.48 49.41 40.76 67.70
SpeedE 4931 44,52 57.63 32.71 22.32 49.57 4135 33.25 51.35
CompGCN 45.32 39.25 54.63 33.74 22.98 52.55 28.43 21.36 47.52
GNN-based NBFNet 53.87 49.50 62.93 39.22 28.79 57.39 36.83 27.91 55.42
A*Net 51.18 42.82 64.37 39.88 30.89 58.13 36.16 27.36 55.93
AnyBURL  41.20 37.91 47.90 4132 30.97 61.40 46.14 39.60 58.52
AMIE 36.02 33.42 41.00 - - - - - -
Neural-LP 37.67 36.46 40.15 24.15 17.71 36.56 - - -
DRUM 36.68 38.41 41.30 22.89 17.23 35.75 - - -
Rule-based  RNNLogic 46.28 41.40 53.32 28.59 20.20 44.62 - -
RLogic 44.23 40.14 50.01 31.10 19.78 50.02 36.23 25.23 50.25
NCRL 46.68 44.64 53.22 29.76 20.24 47.46 38.33 27.87 53.14
ChatRule 33.51 30.12 40.43 30.91 22.32 49.88 44.92 35.41 62.70
GRiD 45.10 40.22 54.39 42.29 32.05 62.13 54.91 49.78 62.97

5 Experiment

5.1 Experimental settings

Tasks. We evaluate the performance and efficiency of GRiD on
KGC tasks. The objective is to predict a missing target entity e, for
a given query (ep, rg, ?). KGC tasks assess the capability of GRiD to
extract high-quality logical rules for KG reasoning. The full KGC
pipeline is detailed in Appendix F.

Datasets. Our evaluation spans six benchmark datasets represent-
ing diverse scales and domains: two large-scale KGs, YAGO3-10 [34]
and FB15K-237 [37], alongside four domain-specific datasets: Fam-
ily [12], Kinship [16], UMLS [16], and WN-18RR [9]. Detailed sta-
tistics are provided in Appendix A.

Dataset Preparation. Each dataset is randomly split into training
and test sets with a ratio of 9:1. To avoid information leakage, all
test triples are strictly excluded from the training data.
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Baselines. We compare GRiD against 16 representative baselines
spanning three paradigms under identical experimental settings:
five embedding approaches, including TransE [3], DistMult [42],
ComplEx [38], RotatE [36], and SpeedE [26]; three GNN-based
methods, including CompGCN [39], NBFNet [50], and A*Net [49];
and eight rule-based systems, including AnyBURL [23], AMIE [11],
Neural-LP [43], DRUM [32], RNNLogic [29], RLogic [8], NCRL [7],
and ChatRule [22]. Detailed descriptions of these baselines are
provided in Appendix B.

Metrics. Following standard KGC evaluation protocols, we adopt
filtered ranking, where triples (ep, Tgs e*) with e* # e, are removed
from the candidate set if they exist in the KG. We report Hit@1,
Hit@10, and Mean Reciprocal Rank (MRR).

Rule Application. For each relation r, both chain-like and graph-
like rules are used to compute the final scoring matrix, S, = (1 -
o) Schain 4 aS%raph, where the fusion weight is « = 0.1. The detailed
scoring and aggregation procedure is described in Appendix F.
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5.2 Knowledge Graph Completion Results

Overall Results. As summarized in Table 1, GRiD achieves consis-
tently strong KGC performance across six benchmarks. It outper-
forms most rule-based baselines in the majority of settings and re-
mains competitive with representative embedding and GNN-based
baselines, while producing explicit logical rules. On large-scale KGs
such as FB15K-237 and YAGO3-10, several rule-based approaches
encounter scalability limitations, whereas GRiD still achieves the
best or second-best results.

Impact of KG Structure. We observe that graph-like rules are
particularly beneficial on KGs where rich relational structure leads
to ambiguous predictions under simple chain-based reasoning, such
as FB15K-237 and YAGO3-10. In such settings, chain-like rules
often yield ambiguous candidate rankings, while graph-like rules
introduce additional conjunctive constraints that help disambiguate
candidate entities. Conversely, on KGs with tightly constrained
relational semantics (e.g., kinship or lexical hierarchies), chain-like
rules already capture most reliable patterns, leaving less room for
improvement from graph-like rules. A detailed quantitative analysis
of KG structural properties and their relationship to performance
is provided in Appendix C.

Case Study. To further illustrate the differences between the learned
logical rules, representative examples of chain-like and graph-like
rules are presented in Appendix D. Graph-like rules impose stricter
conjunctive constraints by requiring the joint satisfaction of multi-
ple relational conditions. For example, the rule isCitizenOf(x, y) «—
LivesIn(x,y) A WorksAt(x, y) integrates two complementary rela-
tional signals through the shared variables (x, y). In contrast, chain-
like rules are characterized by a single linear relational dependency.

5.3 Ablation Studies

We conduct ablation studies to assess several design choices of GRiD,
focusing on four key questions: (Q1) Effectiveness of Graph-like
Rules: Do graph-like rules provide complementary inferential evi-
dence beyond chain-like rules? (Q2) Sensitivity to Fusion Weight:
Under which fusion weights do graph-like rules provide the largest
performance gains? (Q3) Necessity of RL: Is RL fine-tuning essen-
tial for rule discovery? (Q4) Size of Graph-like Rules: Is a small
graph size sufficient for complex KGs?

(Q1) Effectiveness of Graph-like Rules. To address Q1, we inves-
tigate whether graph-like rules provide complementary inferential
evidence beyond chain-like rules. We compare three configurations:
Chain-only, Graph-only, and their Combination, while maintaining
a constant total number of rules for a controlled comparison. As
shown in Table 2, the combined configuration consistently outper-
forms either individual type, indicating that graph-like rules cap-
ture relational patterns distinct from those encoded by chain-like
rules. Graph-like rules in isolation achieve lower KGC performance
because their stricter constraints reduce coverage in sparse KGs,
which is consistent with the sparsity of KG observations.

(Q2) Sensitivity to Fusion Weight. To address Q2, we vary the
fusion weight « at the scoring stage while keeping the generated
chain-like and graph-like rule sets fixed. Here, & = 0 corresponds
to chain-only reasoning, and @« = 1 corresponds to graph-only
reasoning. As shown in Fig. 4, adding graph-like rules improves the
chain-only baseline, with the best performance typically obtained

563

Haoxiang Cheng et al.

Table 2: KGC Results of Different Rule Types

Rule-Type Family WN-18RR

MRR Hit@! Hit@l0 MRR Hit@l Hit@10
Chain-only  94.79  91.21 99.01 38.73  35.12 45.56
Graph-only  90.59  84.72 97.60 3157  27.18 40.26
Combined 95.32 91.66 99.65 45.10 40.22 54.39
Rule-Type FB15K-237 YAGO3-10

MRR Hit@1 Hit@10 MRR Hit@1 Hit@10
Chain-only 41.84 31.82  61.08  49.56 44.96  56.78
Graph-only 37.99  28.64 55.60 48.39  43.84 55.44
Combined  42.29 32.05 62.13  55.77 49.78 62.97
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== Chain (baseline)
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Figure 4: Ablation study on the fusion weight a.

when « is around 0.1-0.2. Larger « values degrade performance
because graph-like rules enforce additional joins, which improve
precision but reduce the number of supported groundings. These
results show that the fusion score balances the coverage of chain-
like rules with the stricter constraints of graph-like rules.

(Q3) Necessity of RL. To address Q3, we compare GRiD trained
with only supervised pre-training against two RL-fine-tuned vari-
ants on YAGO3-10: one using a geometric-mean reward and the
other using the sum of rule-quality metrics. As shown in Fig. 5, RL
fine-tuning yields consistent improvements of approximately 10%
across all metrics, indicating that direct optimization toward rule
quality helps align generation with reasoning objectives. Moreover,
the geometric-mean reward outperforms metric summation, sug-
gesting that balanced multi-criteria optimization provides a more
effective training signal in this setting.

(Q4) Size of Graph-like Rules. To address Q4, we conduct KGC
experiments with different graph-size limits S. As shown in Table 3,
S = 6 consistently achieves the best MRR across all datasets. This
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Table 3: KGC MRR under different graph-size limits S.

S WN-18RR FB15K-237 YAGO3-10
5 0.420 0.381 0.518
6 0.462 0.411 0.548
7 0.452 0.397 0.519
SL only RL (sum) RL (mean)
0.654
0613
0506 0576 I +
! L 0.493 0531
I 1 0.504
0.421 ] I
I o,afz
MRR Hit‘s@l Hits‘@lO

Figure 5: Effect of RL fine-tuning on YAGO3-10.

result is consistent with the compositional nature of logical rules:
longer rules often provide limited additional utility because they can
be expressed by composing shorter rules. Moreover, rules operate
at the schema level and are therefore not related to instance-level
neighbor density. Consequently, a small S can improve efficiency
while preserving sufficient expressiveness for the rule patterns
considered in this work.

5.4 Efficiency Analysis

We assess the efficiency of GRiD from both theoretical and empirical
perspectives. In SL pre-training, the cost is dominated by the Graph
Transformer, with per-epoch complexity O(|D,r.|S?). In RL fine-
tuning, complete denoising trajectories are sampled for reward
computation, giving complexity O(NgrTS?) for Ngy sampled rules
and T diffusion steps. Since graph-like rule bodies are compact
(S < 6), the quadratic dependence on S introduces limited overhead.
Rule generation is performed offline for each relation; therefore,
the online cost for each query is independent of the denoising
trajectory length T and mainly comes from sparse-matrix lookup
and aggregation over retained rule groundings. Thus, the denoising
cost affects offline rule construction rather than KGC inference.

Empirically, as reported in Table 4, GRiD has moderate training
cost and memory usage. On YAGO3-10, SL pre-training and RL
fine-tuning require 1.34 s and 18.76 s per epoch, respectively. Peak
GPU memory is 11.41 GB on FB15K-237 and 5.52 GB on YAGO3-
10. Although sampling on large KGs is more time-consuming, it
is an offline cost incurred once per relation. After rule generation,
inference is performed by sparse-matrix grounding and aggregation,
supporting rule application on large-scale KGs.

6 Conclusion

This paper introduces GRiD, a framework that reformulates rule
discovery as a discrete diffusion process conditioned on the target
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Table 4: Mean computational cost over 5 independent runs.
Time is reported in seconds (s) and peak memory in GB.

Dataset Sampling (s) SL/epoch (s) RL/epoch (s) Gen/100 (s) Total Time (s) Peak Mem (GB)

4.23
4.87
10.11
5.84
3079.35
4479.54

0.74
0.14
1.67
0.21
8.61
1.34

1.35
0.46
2.89
2.57
4.96
18.76

1.10
0.42
3.15
4.44
0.99
1.03

58.91
223.67
125.59

93.99

3699.88
7279.68

1.81
3.57
6.06
1.54
11.41
5.52

Family
Kinship
UMLS
‘WN-18RR
FB15K-237
YAGO3-10

relation. By shifting from iterative search to generative model-
ing, GRiD reduces the dependence on exhaustive search in the
combinatorial rule space. By combining SL pre-training for struc-
tural priors with RL fine-tuning that directly optimizes rule quality
metrics, GRiD generates graph-like rules for KG reasoning. Experi-
ments show that the rules generated by GRiD support KGC across
six benchmark datasets. Furthermore, ablation studies show the
complementary effects of graph-like rules and chain-like rules. Fu-
ture research will explore generating rules directly from underlying
KG distributions to mitigate sampling bias and developing struc-
tural evaluation metrics that provide more precise guidance for the
diffusion process.
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Appendices
Appendix A Dataset Description

e Family [12] captures relations among family members.

e Kinship [16] contains kinship relations among members of
the Alyawarra tribe from Central Australia.

e UMLS [16] contains biomedical concepts as entities and
treatment and diagnosis relations.

e WN-18RR [9] is a lexical dataset whose entities refer to
word senses and whose relations define lexical connections.

e FB15K-237 [37] is derived from Freebase, an online collec-
tion of structured data extracted from multiple sources.

® YAGO3-10 [34] is a subset of YAGO, a large semantic knowl-
edge base constructed from multiple sources.

Appendix B Baseline Description
Embedding Baselines.

e TransE [3]. TransE models relations as translations between
entity embeddings, capturing one-hop relational patterns.

o DistMult [42]. DistMult uses diagonal bilinear scoring for
entity-relation interactions.

e ComplEx [38]. ComplEx uses complex embeddings to cap-
ture symmetric and antisymmetric relations.

e RotatE [36]. RotatE models relations as rotations in complex
space and captures inversion patterns.

o SpeedE [26]. SpeedE is a lightweight Euclidean geometric
KGE model for efficient KGC.

GNN-based Baselines.

e CompGCN [39]. CompGCN jointly embeds nodes and rela-
tions via compositional GCN aggregation.

e NBFNet [50]. NBFNet learns Bellman-Ford-style path repre-
sentations for link prediction through neural path aggrega-
tion over relation-specific message passing.

e A*Net [49]. A*Net extends NBFNet with A*-like heuristic
search to prioritize informative paths and reduce unneces-
sary expansion during reasoning over large KGs.

Rule-based Baselines.

e AnyBURL [23]. AnyBURL mines rules via anytime bottom-
up path sampling and confidence-based rule selection.

e AMIE [11]. AMIE mines Horn rules in large KBs under Par-
tical Compeletness Assumption for scalable rule evaluation.

o Neural-LP [43]. Neural-LP learns logical rules through dif-
ferentiable tensor operations.

e DRUM [32]. DRUM extends Neural-LP with RNNs to model
longer rule chains and recurrent dependencies.

e RNNLogic [29]. RNNLogic uses an RNN-based generator to
propose logical rules for KG reasoning.

e RLogic [8]. RLogic introduces recursive logical rule learning
through predicate representation learning and recursive rule
composition.

e NCRL [7]. NCRL is a neural compositional rule learning
method that uses attention mechanisms for recursive rea-
soning over rule components.

e ChatRule [22]. ChatRule uses prompts to guide LLMs in
generating logical rules with KG structural validation.
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Appendix C Impact of KG Structural Properties

To examine when graph-like rules are useful, we analyze the struc-
tural indicators, including schema-level connectivity (BF_Schema),
relation frequency imbalance (Gini), relation co-occurrence ten-
dency (NPIM), and the many-to-many (N-to-N) ratio, in Table 7 and
report Graph Better, the proportion of relations where graph-like
rules outperform chain-like rules.

Graph-like rules provide limited gains on Family, Kinship, and
WN-18RR for different reasons. Family and Kinship contain se-
mantically well-defined kinship relations, where chain-like rules
already capture the main reasoning patterns. WN-18RR is instead
limited by weak relation co-occurrence, with many relations being
mutually exclusive rather than jointly informative (NPIM = -0.07).
Therefore, graph constraints provide limited additional evidence
on these datasets.

In contrast, UMLS, FB15K-237, and YAGO3-10 show higher Graph
Better values. These datasets have more skewed relation distribu-
tions and richer relational ambiguity, where chain-like rules may
match multiple candidates. Graph-like rules are therefore more
useful because their conjunctive constraints help reduce ambiguity.

Overall, graph-like rules are most beneficial when additional
structural constraints can disambiguate chain-based reasoning, but
their advantage is limited when relation semantics are already
regular or weakly co occurring.

Appendix D Rule Comparison

Representative chain-like and graph-like rules generated by GRiD on
YAGO3-10 are presented in Table 5. Here, we analyze graph-like
rules according to the four rule-body types in Fig. 2.

Linear Rule Body (Fig. 2a). This type represents a sequential vari-
able chain. The rule isCitizenOf (x, y) « hasAcademicAdvisor(x, z1)
A worksAt(zy, z2) A isLocatedIn(zz, y) demonstrates this structure,
where inference follows a single path from x to y through the work-
place of the advisor and its location. This rule captures citizenship
through the institutional affiliation of the advisor.

Branching Rule Body (Fig. 2b). This type contains a branching
node connected to multiple nodes. The rule isCitizenOf (x,y) «
isMarriedTo(x, z1) A isCitizenOf (z1, z) A DealsWith(z;,y) branches
at node z;, which connects to both z; and y. This rule captures
citizenship through familial and relational dependencies.
Edge-Cyclic Rule Body (Fig. 2c). This type contains multiple
edges between the same entity pair. The rule isCitizenOf (x,y) «
LivesIn(x, y) A WorksAt(x,y) forms an edge cycle in which two
relations connect x and y, showing how multiple co-location signals
support citizenship inference.

Node-Cyclic Rule Body (Fig. 2d). This type contains shared in-
termediate nodes that form cycles. The rule isLocatedIn(x,y) «
hasCapital(x, z;) AhasCapital(y, z;) A hasOfficialLanguage(x, z2) A
hasOfficialLanguage(y, z;) connects x and y through the shared
capital z; and language z;, reflecting how shared attributes can
indicate hierarchical relationships.

Appendix E Multi-seed Robustness Analysis

We evaluate GRiD under five random seeds to assess robustness. As
shown in Table 6, the results remain stable across datasets. The 95%
confidence intervals are small, and the variance stays close to zero
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Table 5: Representative chain-like and graph-like rules learned by GRiD on YAGO3-10.

Rule Type Rule Head Rule Body

hasNeighbor (x, z) AisLocatedIn(z, y)

isLocatedIn

Chain-like

hasNeighbor(x, z;) ADealsWith(z1, z2) AisLocatedIn(zz, y)
hasCapital(x, z) AparticipatedIn(x, z) AhappenedIn(z, y)

LivesIn(x, y)
isCitizenOf

isMarriedTo(x, z) AisCitizenOf(z, y)

hasAcademicAdvisor(x, z;) AworksAt(z;, z;) AisLocatedIn(zs, y)

hasCapital(x, z;) AhasCapital(y, z;) AhasOfficialLanguage (x, z;) AhasOfficialLanguage(y, z2)

isLocatedIn

exports(x, z;) Aimports(y, z;) AhasCurrency (x, zz) AhasCurrency(y, z;)
hasNeighbor (x, z;) AhasNeighbor(y, z;) Aexports(x, z;) Aimports(y, z;)

Graph-like
LivesIn(x, y) AWorksAt(x, y)
isCitizenOf

isMarriedTo(x, z1) AisCitizenOf(zy, z2) ADealsWith(z1, y)

GraduatedFrom(x, z1) AisLocatedIn(z1, y) AhasAcademicAdvisor (x, z;) AlivesIn(z,, y)

Table 6: Performance evaluation results under different ran-
dom seeds across various datasets.

Seed Family Kinship UMLS

MRR (%) HIT1(%) HIT10(%) MRR (%) HIT1 (%) HIT10(%) MRR(%) HIT1(%) HIT10 (%)
42 95.38 91.75 99.64 6833 56.46 92.43 83.45 74.96 95.60
123 94.97 9111 99.61 67.02 53.90 92.67 84.01 75.72 97.12
456 9531 91.60 99.71 66.26 52.27 92.67 8357 74.66 96.81
789 95.20 91.38 93.00 67.14 54.48 92.43 82.93 73.97 97.11
1024 95.39 91.86 99.64 67.17 54.71 92.08 83.43 75.11 95.75
MEAN 9525 91.54 98.32 67.18 54.36 92.46 83.48 74.89 96.48
95%CI 022 +0.37 +3.69 £092  +1.88 £0.30 048 +0.80 £0.93
VAR 0.00 0.00 0.09 0.00 0.02 0.00 0.35 0.57 0.67
Seed WN-18RR FB15K-237 YAGO3-10

MRR (%) HIT1(%) HITI0(%) MRR(%) HIT1(%) HITI0(%) MRR (%) HIT1(%) HIT10(%)
42 45.27 40.26 54.66 4231 32.32 6172 55.70 50.42 63.80
123 4391 39.40 52.50 4261 3216 63.04 56.78 51.64 65.23
456 4424 39.80 52.73 4241 32.04 6251 52.53 4731 60.66
789 4273 38.30 5109 4263 32.33 6218 54.93 49.86 6271
1024 4274 38.33 50.85 4149 31.40 6117 54.62 49.65 6247
MEAN 4378 39.22 52.37 4229 32.05 62.13 5491 4978 6297
95%Cl  +1.34  +1.09 £1.90 £0.58  +0.48 £0.89 £195  +1.96 £2.10
VAR 0.01 0.01 0.02 0.42 0.34 0.64 141 141 151

Table 7: Statistics and properties of the experimental datasets.

Dataset #Rel BF Schema Gini NPIM N-to-Nratio ChainBetter Graph Better
Family 12 7.02 0.20  0.55 66.70% 100.00% 0.00%
Kinship 25 30.22 0.39 0.36 88.00% 72.00% 0.00%
UMLS 46 11.48 0.64  0.36 67.40% 30.43% 17.39%
WN-18RR 11 2.34 0.67 -0.07 18.20% 63.64% 27.27%
FB15K-237 237 10.33 0.68  0.47 45.60% 68.78% 20.68%
YAGO3-10 37 2.88 0.83 0.26 45.90% 70.27% 27.03%

on small datasets and below 1.5 on more complex datasets. These
results indicate that GRiD is not sensitive to random initialization.

Appendix F KGC Pipeline

We apply generated rules to KGC through sparse matrix grounding
and filtered ranking, illustrated in Algorithm 1. For each relation
r e R let M, € {0,1}/8X18l denote its sparse adjacency matrix,
and let M¥' denote the ground-truth matrix used for scoring and
filtering. The generated rules for r are partitioned into Q™ and
Qgrep " For a rule p, Ground(p) returns its body grounding ma-
trix: chain-like rules are grounded by sparse matrix multiplication,
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Algorithm 1 KGC with Generated Rules

Require: Matrices {M,, M%t},«g'/{, rules {chhain, Q%mph},e«R, fusion weight
a, queries Q
Ensure: Filtered ranks {rankg}g4eco
1: forr € Rdo
2 schain §EUPR g o
3 for p € Qﬁhai“ u Q%mph do
4 M,, < Ground(p)
5 s(p) « Score(Mp,Mgt)
6: Strype(ﬁ') - S;YPE(P) + S(p)Mp
7 end for
8 Sy (1— qr)Schain 4 g8 PR
9: end for
10: for g = (ep,r,ef) € Q do
11:  sq < Sy[en,:]
12:  Mask all known valid tails except e} in sq
13 rankg « 1+ Y.cgl(sqle] > sqlef])
14: end for
15: return {rankg}geo

while graph-like rules are grounded by decomposing the body
into chain components and taking their element-wise conjunc-
tion. Score(-) computes rule quality from coverage, confidence, and
PCA-confidence. For each query (ep, r, ?), candidate tail entities are
ranked by S, [ep, :] under the filtered setting. We report Hit@K and
MRR: Hit@K = |_é| Ygeo I(rank, < K), MRR = |_;12| Yge0 ﬁ

Appendix G Rule Dataset Construction

For supervised pre-training, we construct rule instances from KGs in
two steps. First, for each training triple (ep, rp, e;), we sample fixed-
length random walks from ej, and convert the resulting relation
paths into chain-like rule bodies by replacing entities with logical
variables. Second, each chain is augmented once into a graph-like
rule by sampling one topology from Fig. 2 and adding the required
auxiliary variables and relation labels. Each constructed instance is
represented by a rule-body adjacency matrix Ay, with the target
relation ry, used as the generation condition.
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